Introduction {#Sec1}
============

Tseng introduced in \[[@CR1]\] the so-called Alternating Minimization Algorithm (AMA) to solve optimization problems with two-block separable linear constraints and two nonsmooth convex objective functions, one of these assumed to be strongly convex. The numerical scheme consists in each iteration of two minimization subproblems, each involving one of the two objective functions, and of an update of the dual sequence which approaches asymptotically a Lagrange multiplier of the dual problem.

The strong convexity of one of the objective functions allows to reduce the corresponding minimization subproblem to the calculation of the proximal operator of a proper, convex and lower semicontinuous function. This is for the second minimization problem in general not the case; thus, with the exception of some very particular cases, one has to use a subroutine in order to compute the corresponding iterate. This may have a negative influence on the convergence behaviour of the algorithm and affect its computational tractability. One possibility to avoid this is to properly modify this subproblem with the aim of transforming it into a proximal step, and, of course, without losing the convergence properties of the algorithm. The papers \[[@CR2]\] and \[[@CR3]\] provide convincing evidences for the efficiency and versatility of proximal point algorithms for solving nonsmooth convex optimization problems; we also refer to \[[@CR4]\] for a block coordinate variable metric forward--backward method.

In this paper, we address in a real Hilbert space setting a more involved two-block separable optimization problem, which is obtained by adding in each block of the objective a further smooth convex function. To solve this problem, we propose a so-called Proximal Alternating Minimization Algorithm (Proximal AMA), which is obtained by inducing in each of the minimization subproblems additional proximal terms defined by means of positively semidefinite operators. The two smooth convex functions in the objective are evaluated via gradient steps. For appropriate choices of these operators, we show that the minimization subproblems turn into proximal steps and the algorithm becomes an iterative scheme formulated in the spirit of the full splitting paradigm. We show that the generated sequence converges weakly to a saddle point of the Lagrangian associated with the optimization problem under investigation. The numerical performances of Proximal AMA are illustrated in particular in comparison with AMA for two applications in image processing and machine learning.

A similarity of AMA to the classical Alternating Direction Method of Multipliers (ADMM) algorithm, introduced by Gabay and Mercier \[[@CR5]\], is obvious. In \[[@CR6]--[@CR8]\] (see also \[[@CR9], [@CR10]\]), proximal versions of the ADMM algorithm have been proposed and proved to provide a unifying framework for primal-dual algorithms for convex optimization. Parts of the convergence analysis for the Proximal AMA are carried out in a similar spirit to the convergence proofs in these papers.
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=============
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Algorithm 2.1 {#FPar1}
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It is the aim of this paper to propose a proximal variant of this algorithm, called Proximal AMA, which overcomes its drawbacks, and to investigate its convergence properties.

In the remainder of this section, we will introduce some notations, definitions and basic properties that will be used in the sequel (see \[[@CR11]\]). Let $\documentclass[12pt]{minimal}
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The Proximal Alternating Minimization Algorithm {#Sec3}
===============================================

The two-block separable optimization problem we are going to investigate in this paper has the following formulation.

Problem 3.1 {#FPar3}
-----------
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Remark 3.1 {#FPar4}
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Algorithm 3.1 {#FPar5}
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Remark 3.2 {#FPar6}
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The convergence of the Proximal AMA method is addressed in the next theorem.

Theorem 3.1 {#FPar8}
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Proof {#FPar9}
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Numerical Experiments {#Sec4}
=====================

In this section, we compare the numerical performances of AMA and Proximal AMA on two applications in image processing and machine learning. The numerical experiments were performed on a computer with an Intel Core i5-3470 CPU and 8 GB DDR3 RAM.

Image Denoising and Deblurring {#Sec5}
------------------------------

We addressed an image denoising and deblurring problem formulated as a nonsmooth convex optimization problem (see \[[@CR18]\]--\[[@CR20]\]\])$$\documentclass[12pt]{minimal}
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We solved the Fenchel dual problem of ([31](#Equ31){ref-type=""}) by AMA and Proximal AMA and determined in this way an optimal solution of the primal problem, too. The reason for this strategy was that the Fenchel dual problem of ([31](#Equ31){ref-type=""}) is a convex optimization problem with two-block separable linear constraints and objective function.
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In Figs. [1](#Fig1){ref-type="fig"}, [2](#Fig2){ref-type="fig"}, [3](#Fig3){ref-type="fig"} and [4](#Fig4){ref-type="fig"}, we show how Proximal AMA and AMA perform when reconstructing the blurred and noisy coloured MATLAB test image "office\_ 4" of $\documentclass[12pt]{minimal}
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Kernel-Based Machine Learning {#Sec6}
-----------------------------

In this subsection, we will describe the numerical experiments we carried out in the context of classifying images via support vector machines.
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In order to describe the approach we used, we denote by$$\documentclass[12pt]{minimal}
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Perspectives and Open Problems {#Sec7}
==============================

In future, it might be interesting to:carry out investigations related to the convergence rates for both the iterates and objective function values of Proximal AMA; as emphasized in \[[@CR10]\] for the Proximal ADMM algorithm, the use of variable metrics can have a determinant role in this context, as they may lead to dynamic stepsizes which are favourable to an improved convergence behaviour of the algorithm (see also \[[@CR15], [@CR21]\]);consider a slight modification of Algorithm [3.1](#FPar5){ref-type="sec"}, by replacing ([11](#Equ11){ref-type=""}) with $$\documentclass[12pt]{minimal}
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Conclusions {#Sec8}
===========

The Proximal AMA method has the advantage over the classical AMA method that, as long as the sequence of variable metrics is chosen appropriately, it performs proximal steps when calculating new iterates. In this way, it avoids the use in every iteration of minimization subroutines. In addition, it handles properly smooth and convex functions which might appear in the objective. The sequences of generated iterates converge to a primal--dual solution in the same setting as for the classical AMA method. The fact that instead of solving of minimization subproblems one has only to make proximal steps, may lead to better numerical performances, as we show in the experiments on image processing and support vector machines classification.
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